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We propose the use of angular fluctuations in the galaxy redshift field as a new way to extract
cosmological information in the Universe. This new probe consists on the statistics of sky maps
built by projecting redshifts under a Gaussian window of mean zobs and width σz; z(nˆ) = z¯ +∑
j∈nˆWj(zj − z¯)/〈
∑
i
Wi〉 = z¯ + δz(nˆ), with zj and Wj the redshift and the Gaussian weight,
respectively, for the j-th galaxy falling on the pixel along sky direction nˆ, z¯ =
∑
iWizi/
∑
iWi
is the average redshift under the Gaussian shell, and the 〈...〉 brackets denote an angular average
over the entire footprint. We compute the angular power spectrum of the δz(nˆ) field in both
numerical simulations and in linear perturbation theory. From these we find that the δz(nˆ) field:
(i) is sensitive to the underlying density and peculiar velocity fields; (ii) is highly correlated, at
the & 60% level, to the line-of-sight projected peculiar velocity field; (iii) for narrow windows
(σz < 0.03), it is almost completely uncorrelated to the projected galaxy angular density field under
the same redshift window; and (iv) it is largely unaffected by multiplicative and additive systematic
errors on the observed number of galaxies that are redshift-independent over ∼ σz. We conclude
that δz(nˆ) is a simple and robust tomographic measure of the cosmic density and velocity fields,
complementary to angular clustering, that will contribute to a more complete exploitation of current
and upcoming galaxy redshift surveys.
PACS numbers: 98.52.Eh, 98.62.Py, 98.70.Vc, 98.80.Es
Introduction. Redshifts in the electromagnetic spectrum of cosmic objects has been essential for the development
of modern cosmology. During the third decade of the last century, E. Hubble found that redshifts in the spectra of
galaxies (nebulae) correlated with their distance [1]. This supported Lemaˆıtre’s suggestion of an expanding universe
[2], which had been motivated by Friedmann’s dynamical cosmological models [3] framed in the (by that time recent)
formulation of Einstein’s general theory of relativity. This linear relation between the redshift of galaxies and their
distance to the observer was interpreted as a clear piece of evidence for the expansion of the Universe. Galaxy redshifts
were then seen as signposts of the Hubble flow, and since then they have been used as distances estimators in the
cosmos when interpreted within the fireball model of the universe, in which space has been expanding ever since an
initial stage of arbitrary high density and temperature [4]. In the last quarter of the last century, the redshift induced
by the peculiar motion of galaxies, triggered by the local gravitational field, was added to the Hubble flow redshift
when describing the spatial clustering of luminous matter in the universe [5]. These peculiar motions induced the
so-called “redshift space distortions” (RSD) when mapping the angular position of galaxies and their redshifts into a
three-dimensional space. RSD were shown to contain information about the theory of gravity and the matter content
of the Universe, and their measurement were first used to constrain cosmology at the turnover of this century [6].
More recently, it has also been suggested to combine RSD with measurements of the Cosmic Microwave Background
to measure bulk flows and the Mach number of the universe [7]. In addition, and due to general relativistic effects,
galaxy redshifts were also found to be sensitive to the difference of potential fields at the emitter’s and observer’s
position, and to the evolution of gravitational potential wells crossed by light photons in their way to the observer
(the so-called Integrated Sachs-Wolfe effect, ISW) [8]. The gravitational potential well in clusters of galaxies has only
been measured recently through galaxy redshifts [9–12], and there is growing interest on all subtle general relativistic
effects measurable with redshifts [13–19]. With the advent of a new generation of galaxy surveys, which are bound
to produce redshift measurements massively (either through spectra or multi-band photometry), we propose to study
the cosmological redshift as a field. We will show the cosmological information that redshift anisotropy maps encode,
discuss its advantages over traditional clustering statistics, and explore its sensitivity to the physics driving the
evolution of the universe.
Methodology. Let us consider the angular redshift fluctuations/anisotropies of the redshift field, δz(nˆ) ≡
∑
j(zj −
z¯)Wj/〈
∑
j Wj〉, built upon a galaxy sample around the observer’s choice for a central redshift zobs and a Gaussian
window/weight Wj = W (zj ;σz) ≡ exp {−(zobs − zj)2/(2σ2z)} for the jth galaxy. δz(nˆ) can be written in terms of the
underlying matter density and peculiar velocity fields as
2FIG. 1. Comparison of the angular power spectra from density contrast (left panels) and from δz(nˆ) (middle panels). Small
crosses refer to the output of a single simulation, either the average of 100 COLA dark matter particle lightcones (top row),
or a galaxy mock from MXXL (bottom row). Results in real and redshift space are given in black and red colors, respectively.
Dashed, green lines provide redshift space predictions after considering some radial, thermal, Gaussian motion of particles at
the ∼ 450 kms−1 level. The blue, solid lines display the power due to terms containing velocities (2bg C
δ, vlos
l + C
vlos, vlos
l ).
Right panels display the cross-correlation between δz(nˆ) and the projected radial peculiar velocity (top sub-panels) and the
associated correlation coefficient (bottom sub-panels).
z¯ + δz(nˆ) =
∫
dη η2n¯(η)
(
1 + bgδm(η, nˆ)
)(
zH + zvlos + zφ
)
W (zH + zvlos + zφ; σz)∫
dη η2n¯(η)
(
1 + bgδm(η, nˆ)
)
W (zH + zvlos + zφ; σz)
. (1)
In this equation, zH(η) refers to the redshift induced by the Hubble flow and is only a function of the comoving
distance η in an isotropic universe; zvlos = (1+ zH)v(η, nˆ) · nˆ/c is the (position dependent) redshift/blueshift induced
by the proper peculiar velocity of the galaxy v(η, nˆ) (at linear order in this quantity); zφ(η, nˆ) accounts for redshift
fluctuations of gravitational origin and, as will be shown, it provides a negligible contribution. The average number of
galaxies at redshift zH(η) is given by n¯(η) and its bias w.r.t. the total matter distribution is assumed to be constant
and equal to bg for the narrow redshift shells under consideration. The total matter density contrast is given by
δm(η, nˆ), and the volume element of the integrals assume a flat universe. The monopole of the measured redshifts is
given by z¯. Under the assumption that perturbations are small (δm,v · nˆ/c, zφ ≪ 1; in particular zvlos, zφ ≪ σz), one
can rewrite Eq. 1 to first order in perturbation theory as
z¯ + δz(nˆ) = F [zH ] + F [bgδm (zH −F [zH ])] + F
[(
zφ +
v · nˆ
c
(1 + zH)
)(
1−
d logW
dz
(zH −F [zH ])
)]
+ O(2nd). (2)
3FIG. 2. Left panel: Radial weight functions (normalized by their maximum absolute value) applied to the terms containing
the 3D matter density contrast (δm, solid lines) and the radial peculiar velocity (v · nˆ, dashed lines) in the δz(nˆ) and δg(nˆ)
definitions (zobs = 1, σz = 0.01). We also show (in blue color) the radial weight for the radial peculiar velocity projected
under the Gaussian window. As an example, according to Eq. 2 the weight function for the δm term contributing to δz(nˆ) is
W (zH; σz)(zH −F [zH ]). See text for further details. Middle panel: Cross-correlation coefficient of the radial peculiar velocity
projected under the Gaussian shell and the δm term of δz(nˆ) (blue dot-dashed line), the same projected radial velocity term
and the v · nˆ term of δz(nˆ) (red dashed line), and the δz(nˆ) and δg(nˆ) fields (black line). This applies for our reference case
zobs = 1 and σz = 0.01. Right panel: Same as middle panel, but for zobs = 1 and σz = 0.2.
The functional F applies on a η/zH-dependent function Y (η)/Y (zH) via the normalised integral
F [Y ] =
∫
dη η2n¯(η)W (zH ; σz)Y (η)∫
dη η2n¯(η)W (zH ; σz)
=
1
N
∫
dη η2n¯(η)W (zH ; σz)Y (η). (3)
In Eq. 2 we have written zvlos explicitly in terms of the peculiar velocity and the Hubble flow redshift. The logarithmic
derivatives of the Gaussian weights (d logW/dz) in that equation are evaluated at zobs − zH . Note that, according
to Eq. 2 the redshift monopole z¯ equals F [zH ] (and lies very close to zobs for narrow redshift shells, σz < 0.03). It
can also be seen that F [1 − d logW/dz(zH − F [zH ])] approaches zero for zobs > 0.1 and σz . 3 × 10−2, and this
suppresses further the contribution of the integrated Sachs Wolfe effect (ISW) to zφ. In general, the amplitude of zφ
will be typically a couple of order of magnitudes smaller than zvlos and will be ignored hereafter. The above implies
that redshift fluctuations that remain roughly constant within the width of the Gaussian window will be severely
suppressed, i.e. the δz(nˆ) field is sensitive to gradients in the abundance of sources within the Gaussian shell. We
note we will adopt a Newtonian description, leaving relativistic corrections for future work.
We can now write expressions for δz(nˆ) and its angular power spectrum Cδz, δzl in terms of the projected den-
sity and peculiar velocity fields in linear perturbation theory (see, e.g., [20]). We find that Cδz, δzl = b
2
gC
δ, δ
l +
2bgC
δ, vlos
l + C
vlos, vlos
l where C
α, β
l = (2/π)
∫
dk k2Pm(k)∆
α
l (k)∆
β
l (k), with Pm(k) the linear matter power spec-
trum extrapolated at present, α, β = δm, vlos, ∆
δm
l =
∫
dη η2n¯(η)W (zH ; σz)Dδm (zH − F [zH ]) jl(kη) and ∆
vlos
l =∫
dη η2n¯(η)W (zH ; σz)(1 + zH)H(zH)dDδm/dz (1 − d logW/dz(zH − F [zH ])) j
′
l(kη)/k, with j
′
l(x) ≡ djl(x)/dx =
[l jl−1(x) − (l + 1)jl+1(x)]/(2l + 1). This means that the δz(nˆ) field is a priori sensitive to the linear matter density
contrast growth factor via bg σ8 Dδm and the velocity growth factor (1 + zH)H(z)dDδm/dz = fσ8DδmH , with σ8 the
normalization of (linear) density perturbations extrapolated to the present epoch. This dependence on the galaxy
bias induces a priori a dependence on fNL, the local non-Gaussian parameter [21, 22]. Since this analysis is based
upon discrete objects (galaxies and/or quasars), there is also a shot noise contribution giving rise to constant Cl’s,
which can be best estimated via Poissonian simulations of the galaxy/quasar distribution.
Results. We now compare our analytical expressions for δz(nˆ) with the results of cosmological simulations. Specif-
ically, we compute Cα, βl from the outputs of 100 COLA [23] simulations presented in [24] and a galaxy sample
extracted from the MXXL simulation ([25]). Unless otherwise stated, in what follows we shall adopt σz = 0.01 as
4FIG. 3. Left panel: Sensitivity of 2D galaxy density contrast δg(nˆ) (black contours) and angular redshift fluctuations δz(nˆ)
(red contours) on the Gaussian linear bias bg, the velocity growth factor fσ8 and the local non-Gaussian parameter fNL. Blue
contours provide precision forecasts for the joint analysis of δg(nˆ) and δz(nˆ) after accounting for their covariance. The squares
denote our fiducial model. Middle panel: Dependence of the marginalized relative errors in the three target parameters with
respect to the redshift window width σz. Right panel: Fisher matrix information versus fraction of sky covered (fsky) as
provided, for the same cosmological volume, by δz’s (black, filled circles), standard P0(k), P2(k), and P4(k) estimators (red,
filled squares), and the combination of the both (blue, filled triangles, see text for further details).
our default shell width. We compare the angular power spectrum, of the projected density contrast and δz(nˆ) fields
(under the same Gaussian window) in the left and middle panels of Fig. 1, respectively. To highlight the impact
of peculiar velocities, black color displays the case where redshifts are computed using only positions (real space),
whereas red color also considers the contribution of peculiar motions (redshift space). In the top row, crosses refer to
the average output obtained from our 100 COLA simulations at zobs = 1, whereas in bottom panels they correspond
to the MXXL results for galaxies with stellar mass above 1010 h−1M⊙ and bias bg ≃ 1.3 (zobs = 0.9 in this case).
Theoretical predictions in real and redshift space are displayed as black and red solid lines, respectively, and the power
containing radial peculiar velocity terms is given by the blue solid lines. The green, dashed lines provide theoretical
predictions that consider a Gaussian, thermal motion of particles of rms of about ∼ 450 kms−1 along the line of sight.
This few-percent correction accounts for deviations due to non-linear evolution and are unnecessary for wider redshift
shells (σz & 0.03). In our simulations, shot noise lies at a negligible level.
After introducing this correction, the agreement of our theoretical predictions with the average COLA lightcones
is typically better than 1% up to l ∼ 80–100 in redshift space, and it extends up to l ∼ 120 in real space. On smaller
scales, more non-linear effects start to become visible. We see in the middle bottom panel that these non-linearities
are more important for the MXXL galaxies, introducing a visible power deficit at l & 150 in redshift space.
The right panels highlight the correlation existing between the δz(nˆ) field and the projected radial peculiar velocity
field under the same Gaussian redshift window. In both rows, the top sub-panels compare the theoretical prediction for
this cross-correlation with the simulations output, whereas the bottom sub-panels provide the correlation coefficient.
Predictions from linear theory agree with simulation results up to l ∼ 100–150 where non-linear effects kick in.
Interestingly, the δz(nˆ) field is constructed to be almost uncorrelated with the projected density field in redshift
space. This is shown in the bottom sub-panels by the blue symbols: the δz(nˆ) × (δ, δg) cross correlation coefficient
multipoles oscillate around zero (crosses and filled circles denote positive and negative values, respectively). This
virtually null cross-correlation between δz(nˆ) and the 2D projected density contrast has implications when combining
these two observables to constrain cosmology, as we address in the next section.
This lack of cross-correlation can be intuitively understood by recalling that δz(nˆ) is sensitive to density gradients
within the Gaussian shell, whereas the δg(nˆ) field is, by definition, sensitive to the radial (redshift) average of sources
under the same shell. This is more quantitatively addressed in Fig. 2. In the left panel we display the (normalized)
radial weights applied to the terms involving the 3D matter density contrast (δm) and the projected radial velocity
(v · nˆ) employed for estimating angular projections δz(nˆ) (in black) and the δg(nˆ) (in red). Radial weights applying
to terms containing δm are displayed by solid lines, while those applying to terms containing radial peculiar velocities
are given by the dashed lines. These terms do not include the spherical Bessel functions (jl) nor their derivatives
5(j′l), which modulate the terms proportional to δm and v · nˆ, respectively. This is relevant since these radial integrals
are within an integral over k-wavemodes: due to the nature of the spherical Bessel functions, the contribution to the
k-integrals is dominant close to their maximum (occurring at x ∼ l). For a fixed multipole l, the k integral will be
centered upon kc ≃ l/η(zobs), so the jl function will be positive around its maximum in the full radial integration
range under the Gaussian shell shown in the left panel of Fig. 2. However, the derivative j′l will flip sign beyond the jl
maximum (i.e., it will become negative for zH − zobs > 0). This means that, in practice, dashed lines in the left panel
of Fig. 2 will flip sign for zH − zobs > 0 when accounting for the j′l modulation in the k-integral. By taking this into
account, and looking at the radial weight functions in Fig. 2, one can infer that projected radial peculiar velocity will
be highly correlated to δz(nˆ), while the 2D δg(nˆ) field and δz(nˆ) will be practically uncorrelated. This is shown in
the middle panel of Fig. 2, where the correlation coefficients (defined as rl[A, B] ≡ 〈AlBl〉/
√
〈A2l 〉〈B
2
l 〉) for different
pairs of terms are explicitly computed. We remark that this is the case for narrow widths (zobs = 1 and σz = 0.01),
being the situation significantly different for wider shells (see right panel in this figure, corresponding to zobs = 1 and
σz = 0.2).
Discussion and conclusions:
In Fig. 3 we show that the δz(nˆ) field is sensitive to peculiar velocities and the growth of structure. After considering
a single, full sky, redshift shell centered upon zobs = 1, with σz = 0.01, and a galaxy population of bg = 1.5 and
arbitrarily high density, we compute Fisher matrix forecasts under a cosmology compatible with the second data
release from Planck [26], with fNL = 5. The left panel in Fig. 3 shows marginalized 2-D constraints (at 1-σ) for
the three parameters under consideration, namely fNL, Gaussian linear bias bG, and the velocity growth factor fσ8.
Black, red, and blue contours refer to constraints set from density contrast alone, δz(nˆ) alone, and both observables
combined, respectively. Since density contrast is uncorrelated to δz(nˆ) the combination of the two fields improves
significantly the precision on the parameters: the Figure of Merit (FoM) values in the Hfσ8 vs bG for density contrast,
δz(nˆ) and the two probes combined are 3, 200, 3, 500 and 9, 400. The corresponding FoM figures in the Hfσ8 vs fNL
space are 2.12, 2.04 and 5.84. When varying the width of the Gaussian redshift window, we find that values in
σz ∈ [0.01, 0.03] are most sensitive to Hfσ8, while for the Gaussian bias and fNL values of σz > 0.02 are preferred
(see marginalized relative errors in each of the parameters in the middle panel of Fig. 3). We next compare the
Fisher information associated to the los velocity amplitude for both the δz(nˆ) field and the standard clustering P0(k),
P2(k), and P4(k) power spectrum multipoles. For that, we consider different fractions of sky coverage fsky , and
impose L3box = 4πfsky/3 × (η
3
zmax
− η3zmin), with Lbox the box size in which the power spectrum momenta Pi(k) are
estimated, and zmin, zmax = 0.8, 1.2 the minimum and maximum redshifts in the analysis. We also assume that δk
modes are the same in both configurations. We choose σz = 0.01 as both the redshift width of the shells and the
separation between contiguous shells. For the galaxy population, we adopt the Model 3 from [27] describing the Hα
emitter galaxy population at z ∼ 1. We ignore non-linear effects and adopt kmax = 0.15 hMpc−1. The right panel
in Fig. 3 shows the Fisher information content versus fsky obtained from the δz(nˆ) field (black, filled circles), the
Pi(k)’s (red, filled squares), and the combination of the two sets of observables (blue, filled triangles). We account for
all covariances among the different δz(nˆ) fields from different shells, and the covariance between the latter and the
Pi(k)’s, and show that the δz(nˆ) field contributes with new, additional information, particularly for higher values of
fsky , mostly due to better sampling of low k power. More detailed computations are deferred for future work.
The δz(nˆ) field thus allows for a simple, tomographic, direct test of observables (sky coordinates and redshifts)
with theoretical predictions for any cosmological setup. We have presented here predictions for first order in linear
perturbation theory (LPT) in the ΛCDM scenario, although there is obvious room for higher order LPT corrections
(including general relativistic effects, and/or modified gravity theories). While constraints on cosmological parameters
can already be obtained via δz(nˆ) from spectroscopic surveys like BOSS [28], it is also possible to make predictions
for spectro-photometric surveys having photo-z precision at the ∼ 1 % level or better (like J-PAS). The δz(nˆ)
field may suffer in general for systematics (particularly if redshifts are estimated photometrically). It turns out,
however, that angular redshift fluctuations are particularly insensitive to systematics affecting the number of galaxies.
Indeed it is trivial to prove that, given an observed number density of galaxies with multiplicative (γ) and additive
(ǫ) biases (nobs(r) = γn¯(1 + δg(r) + ǫ)), then the observed redshift angular fluctuation field will be (δz)
obs(nˆ) ≃
δz(nˆ) + F [ǫ(zH − F [zH ])] to first order in the biases. This means that unless the additive bias ǫ shows a strong
redshift dependent throughout the redshift shell, its impact on the observed δz(nˆ) field should be negligible.
The δz(nˆ) field can also be a useful observable in cross-correlation studies with maps of the Cosmic Microwave
Background (CMB). Given its correlated character to line-of-sight velocities, it constitutes an ideal probe for the
kinetic Sunyaev-Zeldovich effect (kSZ) at any redshift [29]. At the same time, the angular redshift fluctuations probe
the large scale potential wells, just as angular density fluctuations, and hence can be used to unveil the ISW. For large
redshift shell widths, however, redshift and angular density fluctuations become correlated, and thus the increase of
sensitivity to the ISW over the standard CMB intensity – density cross correlation test is very modest.
6We have thus demonstrated that angular redshift fluctuations provide direct evidence for the distribution of inho-
mogeneities of matter and peculiar velocities at any cosmological epoch. The interpretation of this observable does
not require to convert observed redshifts into distances under any given fiducial cosmological background, and thus
is ideal for testing deviations from ΛCDM. Here we have provided linear theory theoretical predictions for 2-point
statistics of this δz(nˆ) field, and current work is proving δz(nˆ) to be a competitive cosmological observable in large
scale surveys, complementary to other observables used in standard cosmological analyses [28]. Further studies quan-
tifying the power of this measurable in higher order statistics, in mildly non-linear scales, in the context of General
Relativity, or in cross-correlation studies to other cosmological observables, are currently ongoing.
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